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Abstract. We consider multiplication properties of elements in 
weighted Fourier Lebesgue and modulation spaces. Especially we 
extend some results in [5]. 



0. Introduction 

In this paper we extend some results from [5] concerning multiplica- 
tion properties in Fourier-Lebesgue and modulation spaces. 

One of the goals is to estimate the parameters s and q such that 
hh e &L\ if fj E &L%, j = 1,2. This is done in Theorem OJ Just 
to give a flavor of our results, we give below a special interesting case 
when qi or q 2 is greater than 2. Here and in what follows it is convenient 
to consider the functional 

R(q) = 2------, q= {q , q u q 2 ) E [1, oo] 3 . (0.1) 

go qi <?2 

Proposition 0.1. Let < Sj + Sk, j ^ k, R(g) be as in (10. ip . and let 

fr-./i^.j 1.2. If 

< R(q) < - and < s + s 1 + s 2 - d ■ R(g), 

with the strict inequality when R(g) > and Sj = d ■ R(g) for some 
j = 0,1,2, thenf\f 2 E&L q i . 

We note that Proposition 10.11 is a special case Theorem 11.21 below. 
Moreover, by letting qi = q 2 = q = 2, Proposition 10.11 agrees with the 
Hormander theorem on microlocal regularity of a product [3l Theorem 
8.3.1]. 

From Theorem II .21 below it also follows that Proposition 10. II remains 
true after the Fourier Lebesgue spaces ^Ll^ have been replaced by the 
modulation or Wiener amalgam spaces Mf*' 3 and Wi 3 ' 3 , respectively, 
when 

- + - + - = 1. (0.2) 

P0 Pi P2 



0.1. Basic notions and notation. In this subsection we collect some 
notation and notions which will be used in the sequel. 

We put N = {0, 1, 2, . . . }, (x) = (1 + |x| 2 ) 1/2 , for x G R d , and A < B 
to indicate A < cB for a suitable constant c > 0. The scalar product 
in L 2 is denoted by ( • , • ) l 2 — (">") ■ 

1. Main results 

In this section we extend some results from [5] . Our main main result 
is Theorem ll.2[ where we present sufficient conditions on Sj G R and 
qj G [1, oo], j = 0, 1, 2, to ensure that f x f 2 G when G &L% , 

j = 1,2. The result also include related multiplication properties for 
modulation and Wiener amalgam spaces. 

Let <p G y(H d ) \ 0, s, t G R and p, q G [1, oo] be fixed. We recall that 
the modulation space Mff(R d ) consists of all / G J7"(R, d ) such that 

\ M p f =(f ([ m(x,o(x) t (o s \ p dx] q/P di 



is finite (with obvious interpretation of the integrals when p = oo or 
q = oo). In the same way, the modulation space Wgf(Ti d ) consists of 
all / G y{K d ) such that 

is finite. 

Lemma 1.1. Assume that Xj = 1/qj- If < Xj < 1, then 



Xj 



3=0 

and the following statements are equivalent 

< R{q) < \ (1-1) 

and 

0< R(q) < max (I, mm (-,-,- j) . flnD' 
V.2 V^o 9i 92/ / 

Proof. It is obvious that ( II. ip implies ( ll.ip / . Next assume that (II. ip ; 
holds. If R(g) > 1/2, then minx,- > 1/2, which implies that 

2 3 1 

R(g) = 2-^x J <2-- = -. 

j=0 

Since this is a contradition, it follows that R(g) < 1/2 and the inequality 
(fLTj) holds. □ 

2 



Theorem 1.2. Let X C R r be open, Sj,tj G R ; Pj,qj G [l,oo], j = 
0,1,2, and let R(q) be as in (10. ip and satisfy ( 1 1.11) or (II. II/ . 
assume that (10.21) 

< + Sfc, j, k = 0, 1, 2, j 7^ /c, anc? 

(1.2) 

< s + si + s 2 - d ■ R(q), 

hold, with strict inequality in the last inequality in (11.21) when R(g) > 
and Sj = d ■ R(g) for some j = 0, 1, 2. 
Then the following is true: 

(1) the map (fx, f 2 ) /1/2 on C 3O (R a! ) extends uniquely to a con- 
tinuous map from ^L q s \ (R d ) x ^L%(H d ) to ^L q } So {K d ); 

(2) the map (fi, f 2 ) (->■ /1/2 on Cq^X) extends uniquely to a contin- 
uous map from {&L%) loe (X) x (.£X£) Joc (X) to (^#°, ) Joc (X); 

(3) 1/ < t + h + t 2 , then the map (f u f 2 ) f\f 2 on C °°(R d ) 
extends to a continuous map from M^'^(Tl d ) x M^f^(H d ) to 

M p _ ^ _ to {H d ) . The extension is unique when Pj,qj < 00, j = 
1,2; ' 

(4) if t < t x + t 2 , then the map (f u f 2 ) ^ fj 2 on C °°(R d ) 
extends to a continuous map from W^f 1 1 (R d ) x W^f 2 2 (R, d ) 

to W^° s ^°_ tQ (R d ) . The extension is unique when Pj,qj < 00, 
3 = 1,2-' 

Next we apply the above result to estimate the wave-front set of 
products of functions from different Fourier-Lebesgue spaces. This is 
an extension of [3, Theorem 8.3.3 (iii)], see also [5j Theorem 4.3]. 

Theorem 1.3. Let Sj G H d , qj G [l,oo], j = 0,1,2, and let R(q) in 
(10. ip be such that (11.11) and (ll.2p hold with strict inequality in the last 
inequality in (ll.2p when Sq, s% or s 2 or —s is equal to d ■ R(q). If 
fj G (j^X*), PO, j = 1,2, then f\f 2 is well-defined as an element in 
3>'(R d ), and ° C 

WF , (fj 2 ) C WF^ (A) U WF^a Cf 2 ). 

- s o 

2. The map T F (f,g) 

In this Section we introduce and study a convenient bilinear map 
(denoted by Tp here below when F G L\ oc is appropriate). 
For F G L^R 2 ^) and p, q G [1, 00], we set 

= ( / ( / in^)i p ^) 9 %) 1/9 

and 

\\F\\ Lr = {j {J \F(tv)\ q dv) P/9 di) 1/P , 
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and we let L p 1 ' q (B 2d ) be the set of all F G L} oc (B? d ) such that \\F\\ L v, q 
is finite. The space L^ q is defined analogously. (Cf. [HE].) We also let 
be defined as 

(eF)(C,v) = F(Z,Z- V ), F G L] oc {B? d ). (2.1) 

If F G Zj oc (R 2d ) is fixed, then we are especially concerned about 
extensions of the mappings 

(F, /, g) i Y T F (f, g) = J F(- , r))f{r))g( ■ - rj) d V (2.2) 

and 

(F, /, g) ^T @F (f, g) = J F{- , V )f( ■ - r))g{r)) d V . (2.3) 

from C °°(R d ) x C^(R d ) to y"(R d ). 

The following extend [3j Lemma 8.3.2] and [5, Proposition 3.2]. 

Proposition 2.1. Let F G Lj oc (R 2d ) ; qj G [l,oo], j = 0,1,2. Also 
assume that R(q) in (10. ip is non-negative, and letr = 1/R(q) G (0, oo]. 
Then the following is true: 

(1) if R(q) < l/q' , then the mappings (I2.2p and (12.31) are continu- 
ous from L^ r (R 2d ) x L qi (R d ) x L q2 (K d ) to L qo (R d ). Further- 
more, 

\\T F (f,g)\\ Lm <\\F\\ LT .r\\f\\ Lqi \\g\\ Lq2 (2.4) 

and 

\\Te F (f,g)\\L«o < \\F\\ L ?.r\\f\\ Lqi \\ g \\ Lq2 . (2.5) 

(2) if in addition R(q) < max(l/2, 1/qi), then the map (12.21) is 
continuous from L£°°(R 2d ) x L qi (R d ) x L 92 (R d ) to L qo (R d ). 
Furthermore, 

\\T F (f,g)\\ L w < ||-F|UrH|/|UaNU*i- 

(3) if in addition R(q) < max(l/2, l/q-i), then the map (12.31) is 
continuous from L r {°°(Ti 2d ) x L qi (R d ) x L q2 (R d ) to L qo (R d ). 
Furthermore, 

\\T eF (f,g)\\ Lqo < \\F\\ L ^\\f\\ L n\\g\\ L n. 

We note that Proposition 12.11 agrees with [21 Lemma 8.3.2] when 
(Zi = 92 = 2 and with [5j Proposition 3.2] when gi = q 2 G [1, oo]. 

Proof. (1) We only prove (12 ,4p and leave (12. 5p for the reader. 



First, assume that (71,(72 < 00 > an d let f,9 ^ C£°(R d ). By Holder's 
inequality we get 



\T F (f,g)(0\ qo ^ 



l/qo 



< 



\F(Z,v)\ r dr) 



1/r 



\f(v)\ r 'm-v)\ r 'd V 



1/r' 



go \ 1/90 



(2.6) 



Next we use r > q' Q and Young's inequality to obtain 

1/90 



\T F (f,g)(0\ 90 ^ 



< 11^11^(11 i/r' *\g\ 



I L q o l T ' 



1/r 1 



< ii^L^(iim r 'iMiM r 'ii^ 2 ) 



1/r' 



L91 \\g\\L<K, (2.7) 



where r\ = q±/r' and r 2 = (hi"?' ■ The result now follows from the fact 
that Cq° is dense in L qi and L Q2 when qi,q2 < 00. 

Next, assume that q\ = 00 and q 2 < 00, and let / G L°° and g G C£°. 
Then, it follows that T F (f,g) is well-defined, and that (12. 7p still holds. 
The result now follows from the fact that is dense in L q2 . The case 
qi < 00 and q 2 = 00 follows analogously. 

Finally, if qi = q 2 = 00, then the assumptions implies that r = 1 
and go = 00. The inequalities (12 .4p and (12. 5 p then follow by Holder's 
inequality. 

(2) First we consider the case r > q%. Let h G Co(R d ) when r < 00 
and h G L^K 8 ) if r = 00. Also let F G L r { co (Yi 2d ) and F (r/,0 = 
F(C,v) and ^(0 = (?(-0- By [5\ page 354], we have | (T F (f,g),h) \ = 
I (TF (h,g),f) \- Then (1) implies 

\{T F (f,g),h)\ = \{T Fo (h,g)J)\ 



< \\T Fo (h,g)\\ Lq ,\\f\\ Ln < HFolk 



00, r 
2 



< IIFI 



\lh \\h\\ Lq ' \\g\\L92 
li^ll/llmll^llw'llfl'IU^. 

Next, assume that r > 2 and F G L^°°(R 2d ). We will prove the 
assertion by interpolation. First we consider the case r = 00. Then 
R(q) = 0, and 



F (£,v)f(v)g(£-v) d V 



< \\F\ 



Lie 



* \g\ IU«o 



< IIFI 



LH \\9\\li2 ■ 



For the case r = 2 we have R(g) = 1/2. By letting 
M=\\F\\ L * ao , 9 = ^ , r l = q 2 /2 and r 2 = q /2, 

11/11 L91 1 

it follows from Cauchy-Schwartz inequality, the weighted arithmetic- 
geometric mean-value inequality and Young's inequality that 



(T F (f,g),h)\< J (| 1^^)11^-77)11^)1^)1/(^)1^ 

- M JU ^~v)\ 2 \HO\ 2 ^) 1/2 \f(v)\dv 




This gives the result for r = 2. 

Since we also have proved the result for r = oo. The assertion (2) 
now follows for general r G [2, oo] by multi-linear interpolation, using 
Theorems 4.4.1, 5.1.1 and 5.1.2 in pp. 

The assertion (3) follows by similar arguments as in the proof of (2). 
The details are left for the reader. The proof is complete. 

□ 

3. Proof of Theorems 11.21 and 11.31 

Before the proof of Theorem II. 2\ we need some preparation, and 
formulate auxiliary results in three Lemmas. 

First, we recall j5J Lemma 3.5] which concerns different integrals of 
the function 

F(£,ri) = (O S0 (Z-rir si (vr s \ e,r/GR d , (3.1) 
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where Sj G R, j = 0, 1, 2. These integrals, with respect to £ or r\, are 
taken over the sets 





= {(^)GR M ; 


to) < W }> 








({-i)<«(£)}. 




^3 


= {(^)eR M ; 


5(e><min((77),(e- 


v)), \Z\<R] 






< <e - »7> < fa> 


, \C\>R}, 


Q 5 


= {((,i)eR M ; 


5(0 < (v) < <e - v) 


, \£\>R}, 



(3.2) 



for some positive constants 8 and R. By xqj we denote the characteristic 
function of the set ftj, j = 1, . . . , 5. 

Lemma 3.1. Let F be given by (13.11) and let be given by 

(13. 2p . for some constants < 5 < 1 and i? > 4/5. t4/so /et pG [1, oo] 
and Fj — Xn-F, j — 1, . . . , 5. Taen iae following is true: 



(1) 
(2) 



(0 S0 ~ sl (i + (0~ S2+d/p ), s 2 ^d/ P , 

(e) s °- si (i+io g (e)) 1/p , s 2 = rfM 



(£)'»-« (l + (^)-*i+ d /P), Sl ^ d/p, 
(£> s °- S2 (l + log(£» 1/P , Sl = d/p; 

(3) ||F 3 (. ^)|U P < (77)-^; 

(4) z/j = 4 or j = 5, t/ien 

{(rjyo-si-s2+d/ Pj Sq > _ d j^ 

+ s = -d/p, 

(V)~ S1 ~ S2 , so < -d/p. 

We refer to [5] for the proof of Lemma 13.11 

Next we estimate each of the auxiliary functions Tp j , defined by (12. 2p 
with F replaced by Fj, j = 1, . . . , 5. 

Lemma 3.2. Let R(q) and F be given by (10 .11) and (13.11) . and let 

Qi, . . . ,Q 5 be given by (13. 2p . for some constants < 5 < 1 and R > 
A/5. Moreover, let Fj = Xn 3 F , j = 1, . . . ,5, and Uj = ( ■ ) Sj Vj, j = 1, 2. 
T/ien £/ie estimate 

||t Fj (ui,« 2 )|| l9 / < iKlLfilhlLg 

holds when: 



(1) j = 1,2, for R(q) < l/q , s < s 1; s < s 2 and 

s < si + s 2 - d ■ R(q), 

where the above inequality is strict when s\ = d ■ R(q) or s 2 
d-R{q). 

(2) j = 3, for 

R(q) < min(l/gi, l/g 2 ) when q 1 ,q 2 < 2, 

R(q) < 1/2 when q x >2 or q 2 > 2, 

and 

< s\ + s 2 ; 

(3) j = 4/orR(g)<max(l/g 2 ,l/2), 

< Si + s 2 and s < Si + s 2 — d ■ R(q), 
with < si + s 2 u>/ien so = — d • R(<?),' 

(4) j = 5,/orR(g)<max(l/ gi ,l/2), 

< si + s 2 and s < si + s 2 — d ■ R(q), 
with < Si + s 2 when Sq = —d ■ R(q). 
Proof Let r = 1/R(g). 



(1) The condition R(g) < 1/go implies that r > g . By Lemma 13.11 
(1) it follows that 

||Fi|| L ^ < oo (3.3) 

when s < si and 

so < s i + s 2 - d/r, for s 2 ^d/r 
s < Si, for s 2 = d/r. 



Similarly, by Lemma [3.11 (2) it follows that 

||F 2 || £ «.,r < oo (3.4) 

when s < s 2 and 

s o < s i + s 2 ~ d/r, for Si ^ d/r 
s < s 2 , for si = d/r. 

This, together with Proposition 12.11 (1) gives 

11^.(^1,^2)11^/ < |K|| L ji||v2|| £ «, j = 1,2. 



(2) By Lemma [3. II (3) we have 

II -^3 II L^ ' 00 < °°5 (3-5) 

when Si + s 2 > and ro G [1, oo]. In particular, if ro = r = 1/R(g) and 
r > min(2, max(gi, g 2 )), then it follows from Proposition 12.11 (2) and 
(3) that 

\\T F3 ( Ul ,U 2 )\\ L r < C\\V X || £ 51||W 2 || £ 92. 
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This gives (2). 

Next consider Tp 4 and Tp 5 . By Lemma [3. II (4) it follows that 

1 1 F4 1 1 £»-.«> < 00 and ||-^5 1| < 00 (3.6) 

when 

s o — s i ~ s 2 + d/r < 0, s > —d/r 

s 1 + s 2 > 0, s = —d/r 

si + s 2 > 0, s < —d/r. 

If s > —d/r and s — s\ — s 2 + d/r < 0, then Si + s 2 > 0. Therefore 
(13. 6p holds when 

< si + s 2 

and 

so < si + s 2 - d/r, 
with < Si + s 2 when s = —d/r. Hence Proposition 12.11 (3) gives 

\\T F4 (u u u 2 )\\ Lq ' < \\vi\\ L n\\v 2 \\ L % 

for r > min(2,g 2 ), and (3) follows. 

Finally, by Proposition 12.11 (2) we get that 

\\T F5 (u u U 2 )\\ Lm < |K|| L w||v 2 |L« 

when r > min(2, q{). This gives (4), and the proof is complete. □ 

In the following lemma we give another view to Lemma 13.21 which 
will be used for the proof of Theorem 11.21 

Lemma 3.3. Let F, Fj anditj be the same as in Lemma lSTB . Further- 
more, assume that (II. ip and (11.21) hold, with strict inequality in the 
last inequality in (11.21) when s±, s 2 or —sq is equal to d ■ R(q). Then 

\\T F .(ui,u 2 )\\ Lm < |H| L «i|M| L o 

holds for every j G {1, . . . , 5}. 

Furthermore, if the conditions in (11.11) and (11. 2p are violated, then 
at least one of the relations in (l)-(5) in Lemma \3.S\ is violated. 

We have now the following result which is needed for the proof of 
Theorem 11.21 

Proposition 3.4. Let Sj E R ; qj £ [l,oo], j = 0,1,2 and let R(q) be 
as in (10. ip . Also assume that (11. ip and (11.21) hold, with strict inequality 
in the last inequality in (11.21) when R(q) > and Sj = d- R(q) for some 
j = 0, 1, 2. Then the map (vi, v 2 ) 1— > v\*v 2 on C^(Tl d ) extends uniquely 
to a continuous map from L\ \ (R d ) x Lf (R d ) to L q ° So (R d ) . 
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Proof. First we note that (II. ip is not fulfilled when all qj > 2 and at 
least one of them is strictly larger than 2. The similar fact is true if the 
condition (II. ip is replaced by 

R(q) < H(q), m' 

where H(g) = min(g " 1 , gf 1 , qT, 1 ) when qj < 2, H(q) = max^ 1 , l , q^ 1 ) 
when qj > 2, j — 0, 1, 2, and H(g) = 2 _1 otherwise. Hence, we may re- 
place the condition (11.11) by (II. II) ' when proving the proposition. 
First we assume that 

R(q) < — and R(q) < max (\, min (—, — )] , (Of " 



9o " V 2 \9i 92, 

and that (ll.2p holds and Vj G L*, j = 1, 2. We express vi*V2 in terms of 
Tp given by (12.21) and F given by (13. ip as follows. Let Qj, j = 1, . . . , 5, 
be the same as in (13. 2p after Q 2 has been modified into 

Q 2 = {(Z, V )eR 2d ; (^-ij)<8(C)}\ni. 
Then UQj = R M , Qj PI Qk has Lebesgue measure zero when j ^ k, and 

(vi*v 2 )(0(O s = j F^, V )u 1 ^- V )u 2 ( V )d V = T F (u 1 ,u 2 ) 

= T Fl (ui,u 2 ) H h T F5 (ui,u 2 ) 

where Uj( ■ ) = ( • j = 1, 2, and = j = 1, . . . , 5. 

Now, Lemma 13.31 implies that the L 9 ° norm of each of the terms T Fj , 
j = 1, . . . , 5 is bounded by CH^iH^i H^Hl* 2 for some positive constant 
C which is independent of V\ G L^(R d ) and v 2 G L g s 2 2 (R d ). 

Hence, Vi * v 2 E L q ° SQ when (II. ip " holds. By duality, the same con- 
clusion holds when the roles for qj, j = 0,1,2 have been interchanged. 
By straight forward computations it follows that (II. II) 7 is fulfilled if and 
only if (II. ip " or one of the dual cases of (11. ip " are fulfilled. This gives 
the result. □ 

Proof of Theorem \1.2L The assertion (1) follows by letting Vj = fj in 
Proposition 13.41 

In order to prove (2), we assume that fj G (J^L*)j 0C and let G 
Cq'(X). Then we choose 4>i — 4> an d 4>2 G C£°(X) such that 2 = 1 on 
supp</>. Since 4>jfj £ ^Ll], the right-hand side of 

/l/20=(/l0l)(/20 2 ) 

is well-defined, and defines an element in &L q °, in view of (1). This 
gives (2). 

When proving (3) we first consider the case when Pj,qj < oo for 
j = 1,2. Then is dense in Mf J f J for j = 1,2. Since M^f decreases 
with t, and the map /•->•(■ }* / is a bijection from Mf' t + t to Mff, for 
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every choices of p, q G [l,oo] and s,t,t G R, it follows that we may 
assume that tj = 0, j = 0, 1, 2. 
We have 

mhf 2 ))(x,0 = (2n)- d / 2 {(V^J\)(x, •) * (V H f 2 )(x, -))(0, 

= 0!0 2 , 0„ G ^(R d ), j = 1, 2, (3.7) 

which follows by straight-forward application of Fourier's inversion for- 
mula. Here the convolutions between the factors (V^ /,■)(:£, £), where 
j = 1,2 should be taken over the £ variable only. 

By applying the L Po norm with respect to the x variables and using 
Holder's inequality we get 

|in(/i/ 2 ))(-,OIU,o<(27r)- d / 2 K*t; 2 )(0, 

where Vj = ||V^/j)( • , ^)||l p j- Hence by applying the L q ° o norm on the 
latter inequality and using Proposition 13.41 we get 

H/1/2 1| M p °'2° ~ II u i|Il«}II u 2||l«2 X H/l|lM p l' ?1 ll/2|lMf 2 ' n ?2 > 

and (3) follows in this case, since 5? is dense in M s 3 .^ 3 for j — 1, 2. 

For general p 3 - and g^, (3) follows from the latter inequality and Hahn- 
Banach's theorem. 

Finally, by interchanging the order of integration, (4) follows by sim- 
ilar arguments as in the proof of (3). The proof is complete. □ 

Finally, we prove Theorem 11.31 

Proof of Theorem \1.3i Again we only prove the result for 1 < q < 00, 
leaving small modifications when q G {1, 00} to the reader. 

Assume that (x , £0) ^ WF^i (/1) UWF^a (/ 2 ). It is no restriction 
to assume that fj has compact support and £0 ^ ^*l 9 4 (/i)> ^ = 1>2. 
Then |/J ? ,,r < 00 for some conic neighborhood T of £o- Furthermore, 

f< > some 5 G (0, 1) and open cone Ti of £0 such that Ti C T we have 
£ — 77 G T when £ G and |r/| < 5\£\. 

Let f2i and fl 2 be the same as in (13.21) . Qq = C(fii U Q 2 ), and let 

J*(0 = <0" / \M-v)h(v)\dv 

J(Z,v)en k 

for fc = 0,1,2. 

We have C _1 (£) < (£ - rj) < C(£) when (£,7/) G fix. This gives 
Ji(0 = (0 S [ \M-V)\\%{v)\dri 

< [ (0 S ^-v)- s Hv)- sl \xrM-vm-v) S2 \f2(v)\(v) sl dv. (3.8) 
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Now, Lemma [3.11 (1) implies that 

PillMCro < C'||/i||^ I( «i.r|/2|^L«. (3.9) 

Similarly, 

H^IUnri) < Cll/ill^fi l/2|^- L 92.r. (3.10) 
Consider next fio — C(fii U f^). Then 

{{£,v) e^o; £eri}cfigufi 4 un 5 , 

where fl,-, j = 3, 4, 5 are the same as in (I3.2p . and 

Jo < T F3 (u 1} u 2 ) + T Fi {ui,u 2 ) + Tf 6 (u 1 ,u 2 ), 

where v,j(£) = fj{£,){0 Sj i Fj are the same as in Lemma l3TT| and Tp. are 
the same as in Lemma 13. 2 [ j = 3, 4, 5. Hence it suffices to prove that 

||7> 3 (wi,w 2 )lb <C||/i||^Lji||/ 2 ||^ £ ffl, j = 3,4,5. 

These estimates follow from Lemma 13.31 which completes the proof. 

□ 
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